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Abstract. We study the Cauchy problem for derivative Ginzburg-Landau equation ut = 
(y + j)Ait + Ai • V(jiipit) + (A2 ■ Vu)|ii|^ + q:|mP''u, where 5 £ N, Ai, A2 are complex constant 
vectors, v ^ [0, 1], a G C. For n ^ 3, we show that it is uniformly global wellposed for all v G [0, 1] 
if initial data wo belong to modulation space M| i (s > 3) and ||^to||L2 <S 1. Moreover, we show 
that its solution will converge to that of the derivative Schrodinger equation in C(0,T;L'^) if 
— >■ and Mo £ Afl.i- For n = 2, we obtain the local well-posedness results and inviscid limit 
with the Cauchy data in M{^^ (s > 3) and ||?io||i;,i 1. 
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1 introduction 

In this paper, we consider the Cauchy problem for the derivative complex Ginzburg- 
Landau (DCGL) equation: 

= (zy + i)Aii + At- V(|upM) + (A^- VM)|M|^ + a|up'^n, u{0, x) = uo{x), (1.1) 

where n is a complex valued function of {t,x) E x M", M+ = [0, +00]; 1/ > 0, a G C, 
5 S N, Ai and A2 are complex vectors. 

The DCGL equation (jl.ip arises as the envelope equation for a weakly subcritical 
bifurcation to counter-propagating waves, and it is also important for a number of physical 
systems including the onset of oscillatory convection in binary fluid mixture; cf. [3]. In the 
case of one or two dimensions, the global existence of solutions, finite dimensional global 
attractors, Gevery regularity of solutions have been studied extensively for equation (jl.ip : 
cf. ^ H [la Eni EH]. Taking u = 0, can be written as 

Ut - iAu = Xt • V(|npu) + (A^ • Vu)\u\^ + a\u\'^^u, u{0, x) = uo{x), (1.2) 
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which is the well-known derivative nonlinear Schrodinger equation (DNLS). There are 
some recent works which have been devoted to equation (|1.2p : cf. [251 ESI [2H1 [2H 1321 [37] , 
N. Hayashi and Ozawa in [18] proposed the method of gauge transformation which is useful 
to avoid the loss of derivatives for equation p.2p in one spacial dimension. 

A natural question between Eqs. (jl.ip and (|1.2p is the inviscid limit. Let u and v 
be the solutions of the Cauchy problems of Eqs. (jl.ip and (|1.2p . respectively. Does u 
converge to v as the parameter ly tends to 0? 

When Ai = A2 = 0, Eq. (jl.ip can be rewritten as 

ut = {v + i)Au + a\u\'^^u, u{0, x) = uo{x), (1-3) 

which is the well-known complex Ginzburg-Landau equation. Eq. (jl.Sp is an important 
model equation in the description of spatial pattern formation and of the onset of insta- 
bilities in nonequilibrium fluid dynamical systems; cf. [6]. For Eq. (jl.Sp . there are some 
recent results devoted to the global well-posedness and limit behavior, see Ginibre and 
Velo [11], Wu [12], Bechouche and Jungel [2], Wang [38], Machihara and Nakamura [31] . 
Wang and Huang [17] . 

For the derivative complex Ginzburg-Landau equation (jl.ip . using Bourgain's X*'^ 
method, Huo and Jia |16) obtained the inviscid limit for the solutions in C{[0,T]; H^) 
{s > 1/2) in one spatial dimension, where the bilinear estimate condition 2Ai + A2 = 
and some energy estimate conditions on coefficients and ||no||L2 <^ 1 are required. B. 
Wang and Y. Wang in [JT] also considered the inviscid limit for the solutions, when initial 
data belong to U H"^ , in one spacial dimension. As far as the authors can see, there 
are no result on the inviscid limit of Eq. (jl.ip in high dimension case n ^ 2. 

It was well known that //■5+f+"/2 C H'^ , for Ve > 0. In this paper, we will show 

that Eq. (jl.ip is uniformly globally well posed on the parameter v ^ in modulation 
space M|-^(M"), n ^ 3, s > 3 with the sufficiently small Cauchy data in L^. As — )• 0, we 
prove that the solutions of Eq. (jl.ip will converge to that of the derivative Schrodinger 
equation. When n = 2, we also show local well-posedness results and inviscid limit in 
modulation space Ml^^,s > 5/2. The techniques used in this paper are the anisotropic 
global smooth effect estimates and maximal inequality estimates which are independent 
of parameter u ^ 0, those estimates in the case 1/ = were obtained in our earlier work 
[37] . where global well-posedness for equation (jl.2p is showed in M|]^(R"),s ^ 5/2, for 
small Cauchy data. 

Finally, we consider the quadratic derivative Ginzburg-Landau equation: 

ut- {iy + i)Au-^ -Viu^) = 0, u{0,x) = uo{x). (1.4) 
Its limit equation is 

ut - iAii - • V(u^) = 0, n(0,x) = no(x). (1.5) 
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When n = 1, Christ in [3j showed that for Eq. (jl.Sp . the flow map uq ^ u is not 
continuous in any Sobolev space H^(M) (s G M) for any short time hfespan (||tio||_f/'' ^ 
1 but ^ 1 for some t <C 1). In [36j, Stefanov showed the existence for the 

weak solutions in space with small total disturbance uq G H^{E}) n L^(M^) n {/ : 

In this paper, we will show that Eqs. (|1.4p and (|1.5p are locally well posed in mod- 
ulation space Mj^^(M") and the inviscid limit between Eqs. ()1.4p and (jl.Sp also holds in 
the space Mf-^^{M."') for the solutions. From this point of view, Mf^ seems to be a proper 
space to deal with the solutions of quadratic derivative nonlinear Schrodinger equation. 

1.1 Main results 

Theorem 1.1 Let n ^ 3. Assume initial data uq S M|j^,s > 3 and HuqIIl^ ^ ^ for 
some small 6 > C0. Then Eq. (jl.ip has a unique global solution Up G C (M"^ , MJ ) 
satisfying 

\\uv\\xs ^ C'II'WoIImIi- 
where C is independent of v, Xs is defined in (|4.ip . 

Theorem 1.2 Let n ^ 3. Assume initial data uq G and \\uq\\i^2 ^ 6 for some small 

5 > 0. Uu is the solution of (jl.ip . and let v is the solution of ()1.2p with the same initial 
data, then for any T > we have 

hu - v\\c{0,T;L2) < \\Uu - v\\c{0,T;M2,i) - ^ ^ 

Theorem 1.3 Let n = 1,2. Assume initial data uq G Ml^,s > 5/2 and \\uq\\]^i ^ 5 for 
some small 6 > Then Eq. ([Til) has a unique local solution 

G C{[0, 1], M£i) fl C([0, 1], Mf-^/') f] Xl 

satisfying \\u,^\\xi ^ C||'Uo||A/f ^ ; where C is independent of v, X'^ is defined in (j6.ip . 
Moreover, if uo G Mf^, then we have 

hu - v\\c{0,T;L^) < \\Uu - v\\c(0,T;Mi,^) ^ ^ ^ 

where v is the solution of the DNLS ()1.2p with the same initial data. 

Theorem 1.4 Let n G N. Assume initial data uq G Ml^,s > 3 and \\uq\\j^i ^ 5 for some 
small 5 > 0. Then Eq. ()1.4p has a unique solution 

GC([o,i],M£i)nC7([o,i],Mf-^/')nxi 

^uo G implies that uq G L^, 5 > may depends on ||iio||a/| j- 
^ito G Mi l implies that uq £ , 5 > may depends on ||uo||a/j' 
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satisfying \\uu\\j^i ^ C||no||Af|!^, where C is independent of u, is defined in (|7.3p . 
Meanwhile, we have 

where Uy and v is the solution of the DCGL ()1.4p and DHLS (jl.Sp with the same initial 
data. 

Now we give a brief explanation to the proof of our main results. We rewrite (|l.ip into 
an integral equation: 

u = Gy{t)uQ - =<[At • V(|upn) + (A^ • Vu)\u\'^ + a\u\'^^u], 

G,{t) = ^-Ig-^l^l'-'^^l^l V, Kf{t, X) = f G,{t - T)f{T, x)dT. 

Jo 

We will use the smooth effect techniques to prove our result. Comparing with the 
Schrodinger equation, the semigroup of Ginzburg-Landau equation Gu{t) dosen't have 
conjugate symmetry property, this means 

we can not use standard TT* argument to get the smooth effect estimates, maximal 
function estimates and their relations with the Strichartz estimates for Gy{t) and s/^. It 
is known that TT* method is a basic tool for those estimates in the case v = {). 

The crucial estimates are the uniform anisotropic global smooth effect estimates for 
semigroup Gu{t) and integral operator 

ll^x{^G^(*)nA:Mo||L^L2 f^2(K+x]Rn) ^ CpfcUolb, |A;i|^4, (1.6) 

\Wi'dxif\\L^L'^ ,.,L2(]R+xRn) ^ ^11/112,1^2 L^i^W+xK.")^ (1-7) 

where those estimates in the case = were established in |25l [331 [37| . The main difficulty 
arises in the fact that the constant C in ()1.6p and ()1.7p should be independent of parameter 
^ 0. We also need to show the uniform maximal function estimates for Gu{t): 

|pA:G'y(*)^to||L2_2,;^^^^.^2.t°°(R+xR") ^ ^(/Ci)"'"/^ IpfcUQ ||L2(]gn) , n ^ 3. (1.8) 

In order to show (jl.Sp . we will use the maximal operator estimates in anisotropic Lebesgue 
spaces as in [34j. After establishing those uniform estimates, we can use the idea in [37] 
to carry out the uniform global well posedness of Eq. (jl.ip . The limit behavior can be 
shown by using the techniques as in [15] . 

This paper is organized as follows. In Section 2 and Section 3 we prove the uniform 
anisotropic global smooth effect estimates, maximal inequality estimates, Strichartz type 
estimates for semigroup Gu{t) and integral operator s^. In Section 4 we show the proof 
of Theorem 1. In Section 5 we show the proof of inviscid limit results. In Sections 6 and 
7, we show the proof of Theorems 1.3 and 1.4. 
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1.2 Notation 



In the sequel C will denote a universal positive constant which can be different at each 
appearance, x < y (for x, y > 0) means that x ^ Cy, and x ^ y stands for x < y and 
y < X. For any p £ [l,oo], p' denotes the conjugate number of p, i.e., 1/p + 1/p' = 1. 
Now we introduce the spaces used in our paper. Let be Schwartz space. We will 

use the Lebesgue spaces := L'^iM"') with the norm || • \\p := || • ||LP(Kn-) and the function 
spaces L'^^jLx and LxL^^j for which the norms are defined by: 



jq TP 



TP Tl 



Ltd) 



i.e., we simply write L^L^ := L^^^Lx, LxL^ := LxL'^ 



I will be omitted if / 
and LxL^ = LxL'^^^q 
L^^LFf^ -^.^.L^"^ [I X R") the anisotropic Lebesgue space for which the norm is 



and LxL'^ = L^L^gp^^p L'^Lx = L'^^^^rp^Lx- In high dimension case, we denote by 



LSiL''2,.^,,Lf2(/xR") 



.i,..+i,...,:.„iraxR"-i) 



:i.9) 



= (~^^,)*^^ = '^^.^\^i\'^'!^Xi denotes the partial Rieze potential in the Xi direc- 
tion. = J^^^ {iS,i)~^J^Xi- The homogeneous Sobolev space H^{M."') is defined by 

(_A)-^/2l2(R").' 

Modulation spaces were first introduced by Feichtinger [9]. We will use an equivalent 
norm on the modulation space Ml i : 



M, 



(1.10) 



where {k) = \ + \k\, Qj. = : —1/2 ^ S^i — ki ^ 1/2, i = 1, ... ^ n}. Let {(7k}ki=:Z" satisfies: 



Denote 



(Tfc(^) ^ c, € Qk; 

suppcTfc C : IC - A:| ^ V^}, 

\D'^(Jk{0\ ^ Cm, G R", |aK m G N. 



T = {{o-fcjfce^n : {ak}k£Z" satisfies dLUJ) }. 



(1.11) 



(1.12) 



Let {crk}keZ" G T be a function sequence. Then we can define the frequency-uniform 
decomposition operators Dfc as: 



and we have 



M, 



(1.13) 



(1.14) 
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Using the operators Dfc, we can equivalently define the modulation space ^ in the 
following way: 

ll/llMf,, = J](A;)^|pfc/|Ul(Mn). (1.15) 

For simplicity, we use function space /□''(L'^(M+;L'^(M"))) which contains all of the 
functions f{t,x) so that the following norm is finite: 

^{kyWOkfh-L-iR+xRr.). (1.16) 

2 Anisotropic Global smooth effect with □^-decomposition 

In this section, we always denote 

ft 

G^(t) = ^-ie-"l«l' • e-^*l«lV, ^/(t,x)= / G4t-T)f{T,x)dT. (2.1) 

Jo 

For convenience, we will use the following function sequence {(Jk}keZ"- 

Lemma 2.1 Let 77^ : M — )■ [0, 1](A; ^ "L) he a smooth- function sequence satisfying (jl.lip . 
Denote 

o-fc(0 :=%i(6)---%„(^n), k = {ki,. . . ,kn). (2.2) 
Then we have {ak}k&^ G ■ 

Lemma 2.2 ([57]) We have for any 5 G M and k = {ki, . . . , kn) G wii/i ^ A, 

Replacing D^^ by d^.{5 G N), i/ie a6ot'e inequality holds for all /c G Z". 

In order to obtain global smooth-effect estimates, we need the following Lemma in the 
case n = 1: 

Lemma 2.3 Let n = l,\k\ ^4. Then there exists C > 0, which is independent of v > 
such that 

||^^-ie-^*«%--i*i«>,nfc</.||^oo^2(KxK) ^ c{k)-^/^ak4>\\L,iRy (2.4) 

Proof. We may assume that k ^ 4. By changing the variable, we have: 
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where % was defined in Lemma |2. II 

From Plancherel's identity, Fubini theorem and Young's inequality we have 



2^^ 



drj 



1 1 



1 + 



T+rj 



dr] 



LI 



< 



1 



T+T) 



2^ 



LI 



drj 



Ll 



LI 



where we have used 



1 + t' 



;dT ^ C, 



where C is independent of v and r/. In equation 
Lemma 2.4 



^ 4 is necessary. 



sup 



r,€ ^2 _ ij,(^2 + s) + r 

The constant C in ()2.8p is independent o/ > . 



(2.5) 



(2.6) 



(2.7) 

□ 

(2.8) 



Proof. For convenience, we denote by ^t,x, ^ the Fourier transforms on (i,a;), i, x, 
respectively. From Plancherel's identity, we have : 



€ T + - iuii"^ + s) 



i^(r,x-y)(^J)(T,y)(iy 



-{^tf){T:y)didy 



Ll 



Ll 



where the integral 



K{t,z)= [ e'^^- 
Jm. ' 
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(2.9) 



(2.10) 



is taken in the P.V. meaning. Now we only need to show that 



sup \\K{t,z)\\l^^ < 1, 



(2.11) 



We only consider case r < 0, (the case r ^ do not contain singular point, so it is easy 
to handle). For r < 0, we have 



KiT,z) 



^tZy/-Tri_ 



X _ 7^2 _|_ 21/(7^2 _|_ g_^^ ^ 

r][l — rf — iv{rf + si)] 



drj, 



(2.12) 



Zv2(r;2 + s^)2 + (l_ 7^2)2- 

where si = — s/r > 0. 

Since when si — )■ 0, — )■ 0, r/ — t- 1, K{t,z) is difficult to handle, we will divide ij into 
different cases: Let ^i,^2,''/'3 ^ C'o°(]R) satisfy suppV'i C {r] : |r/| ^ 3/2}, ^/'i( — ) = ipi{-), 
suppV'2 ^ (-2,1/2], suppVs ^ (0,2), ELiV'i = 1- Define 



i^i(T,z) 



^izy^r, r][l-r] -iv{r} + si)]^»(r?) 



I/2(7y2 _^ 5^)2 + (1 _ ry2)2 



i = 1,2,3. 



(2.13) 



Ki{t,z) 



It is easy to see 



ri 



|r,|>3/2 
(1 + il^) 



1/2(7^2 + 5^)2 + (1 - r/2)2 
,3 



|r?|>3/2 



1/2(7^2 + s^)2 + (1 - rfY 

vqsi 



drj 



,.i^3/2 ^2(^2 +,^)2 + (l_ ^2)2 

■.= kI{t,z) + kI{t,z) + kI{t,z). 



\KI{t,z)\< [ ^dv^C. 



drj 



Prom variable changing, we have: 

\K!iT,z)\^2 



-di] ^ arctanr/ 



(2.14) 



(2.15) 



(2.16) 



\Kfir,z) 



< 



^tzyj-rr] 



. i>3/2 ^2(^2 + ,^)2 + (l_ ^2)2 

We derive Kf[T, z) into two parts /, //, from ()2.16p we have: 

n3 



dr] 



^IZ^-TT] 



3/2^|r;|^10v^7^ 



^2(^2 _^ + (1 - ??2)2 



dr] 



(2.17) 
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< 



Prom variable changing, we have: 



\n\ 



Sm{z\/ — TT]) 



^ arctanry 



1 



1)1 VS\ 



(2.18) 



drj 



sin(r/)- 



1 



dr] 



+ 



(2.19) 



Now we prove (|2.19|) is bounded. Write 



7T^ ri 



(1 + l/2)ry + 

For any e > 0, when A' > A> 1/(1 + v'^)e, we have: 

F{A) ^ e, F{Ay ^ e. 

Notice that -F(7?) is monotonous decreasing when r/ ^ lO^i^si and for any r] £ [A, A'], 
sin{r])dr] ^ C. So from the second integral-mean-value theorem, we have: 



sin(r/)- 



-dr] 



€ Ce. 



(2.20) 



Then from the Cauchy convergence theorem, we can get (|2.19|) is bounded. So 

\\K,{t,z)\\l^^<1. 

Notice that z^2(r/2 + si)^ + (1 — 7/|r/|)2 ^ 3/4, when r] G (—3/2, 1/2], so it is easy to estimate 

K2{T,zy. 



\\K2{r,z)\\L^^ ^ 



< 



i/2(r/2 + siY + (1 - r/2)2 
r7[l -rf - iv{rf + si)]?/'2(^) 



Z^2(7y2 + si)2 + (1 - 7/2)2 



^ c. 



(2.21) 



i^3(r,2) 



^tZ^-TT) 



1 — r/2 + iz^(r/2 + si) 

7?V'3(??) 



1 2 
1 — r/^ 

K3i(r,z)+E:|(T,z), 



IZyJ —TTj 



[1 — r/2 + iz^(r/2 + si)](l — r/2) 



dr/ 



(2.22) 



\Kl{r,z) 



^iz^-Tr)_ 



1 r]tp3{r]) 



1 — r/ 1 + ?7 



dr] 



sgn * ^ ^ 



L 1 + r/ 



-TZ 



(2.23) 
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\Kl{T,z) 



Noticing that 



1 ivr]{rf + si)[l - rf' - iv{rf + si)]V'3(??) 



sgn ^ ,^ ^ 



\-r] \{\-ri^Y^v\r]^^sxY\{\^r]) 
%vr\{'rf- + - rf - iv{rf + si)]V'3(^) 



dr] 



ivri{rf' + si)[l - jf - iu{rf + si)]V'3(?/) 



rz) . (2.24) 



[(l_^2)2 + j,2(^2 + s^)2](l + ^) 

from (I222])-(I223]), we obtain that 

"#3(??)" 



||i^3(T,z)||L?o^ ^ 



1 + 



+ 



^-1 



ivri{if + - if - iv{rf + si)]V'3(??) 

[(l-r/2)2 + j.2(^2 + >.^)2](l + ^) 



< 1. 



(2.25) 



It follows that ([211]) holds. 

Proposition 2.5 For any i = 1, . . . ,n, \ki\ ^4, we /laue 

Proof. As in the proof of Lemma 12. 3[ we only need to prove that 

ll-C'i{^nfcG'j,(t)no||ij=i2^^^,^^i2(iRx]j„) < IpfcUolb, 



(2.26) 



(2.27) 



where Gy{ty = ^ ^^1*11?!^^. it suffices to show the case i = 1. By Plancherel's 

identity and Minkowski's inequality, 



\\Dl{^G,{t)'n,u,\\, 

In view of Lemma [2.3l in one spatial dimension, using Plancherel's identity, we immediately 
obtain ([227]). □ 



Proposition 2.6 For any k = (ki, . . . , k„) G Z", \ki\ ^4, we have 

||(9^,nfc=</||iooi2(IR^XlR") ^ (^i)^^^IPfc/||Ll^L2^^^_^^i2(iR^XlR")- 

Proof. For \ki\ ^4, from Proposition 12.51 (j2.26p has the following dual estimate: 



a^D^ f G,{t-T)f{T)dT 

Jo 



< 



Then from Lemma 12. 2t which implies (|2.28|) holds, as desired 



(2.28) 

(2.29) 

□ 
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Proposition 2.7 For any i = 1, . . . ,n and k = {ki, . . . , kn), there exist C > 0, which are 
independent of u > such that 

\\Uk.S^ydxJ\\L^L2 r2(ip.+ x]g„) ^ CIpfc/IlM ^2 L^m+xM")- (2-30) 
Proof. In order to prove (j2.30p . assume f{t,x) = for t < 0, so we only need to prove 



|Pfc-e<.5x.i/||ioo2.2 jL2(MxR") ^ <^IPfc/llLi^L2 ,l2(MxR")- 



(2.31) 



We have 



where we assume that the right hand side of (|2.32|) is zero as t = 0. It follows that 



(2.32) 



\\d,,Kf\\ 



6 



ef-Mcf + icT) + (T + ie|2) 

Now changing the variable r + — )• ^, we have 



(2.33) 



-1 



6 



^ sup 



6 



Prom the uniform smooth effect estimate as in Lemma |2.4[ 



sup 



i 



-^t,xf 



1+1^ < C'll/llLiL?(Ri+i)- 



- il^i^^ + S) + 

Prom (12:3311 . (lOill and ([235]), we have that 

Using Minkowski's inequality and Plancherel's identity, we immediately have 



< 



Other cases can be shown in a similar way. 

Generally, the right hand side in (|2.32p is not equal to zero for t = 0: 

^ —^^t.x.f 



(2.34) 



(2.35) 



(2.36) 



(2.37) 



(r + |C|2)2 + (l.|^|2)2^*'-^ t=0 ^ (r + |e|2)2 + (z.|e|2)2 



t=0 



11 



:= ui{0,x) + U2{0,x). 
Noticing that ^t(e-''l*l'')(T) 



(2.38) 



J i_ 



and changing the variable, we have 



U2{0,x)=C e'"« 



e-'^'f{s,i)dsdTdi 



-ir.j,|^|2 



= C / / 

= C / G^(-s)/(s,j;)ds. 

JR 

Then from ^(TM . (12:391) and (f2:29]l we have 



drdsd^ 



drdsd^ 



(2.39) 



|PA,G,(t)n2(0,x)|| 



„^ < ||Z)lfnfc7X2(0,x)b2 



^ llZ^y^D, /■ G,(-s)/(s,x)ds||i2 

JR 



Noticing that 

similar to ()2.39p . we have 



1 r 



(2.40) 



(0,x) = C e'^^ 



C I e'^« / /(s,e)e'^l«l' 



T2 + (z.|e|2)2 



e-'^'f{s,^)dsdTd^ 
drdsd^ 



C [ e'^-« / /(s,0 e^''^''sgn(s)e-'^l^ll«l'(isde 

JR" Jm 



(2.41) 



= C / Gu{-s)sgn{s)f{s,x)ds. 

JR 

Then from (ITMIl . dTiTTl and (ITM]) we have 

|Pfc<9^,G^(t)ni(0,x)||iooi2 r2m+xKn) ^ ||L>^,/2nfcUi(0,x)||i2 

^ Lf^fDfc / G,{-s)sgn{s)f{s,x)ds 

^ |Pfe[sgn(s)/(s,0]||Li^L2^^,^^jL2(KxMn) 

^ \\Dkf{s,0\\LlL^ ,.,,Li{RxR")- (2.42) 



Collecting (|2.42p . (|2.4U|) . we can obtain the result, as desired. 



□ 
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3 Other estimates with □^-decomposition 

In this section, we consider the Strichartz estimates, the maximal function estimates and 
derivative interaction estimates for the solutions of Ginzburg-Laundau equation by using 
the frequency-uniform decomposition operators. 

Using Lemma 13.51 and the property of frequency-uniform decomposition operators 
(cf.|39j). we can establish the following Strichartz estimates in a class of function spaces 
by using the frequency-uniform decomposition operators. 

Proposition 3.1 Let 2 ^ r < oo, q > v 2y v{r), then we have 

l|G',/(t)/||/lj(ii^(K_^;ir(Rn)-)) ^ C||/||m2,i(R")) (3-1) 
ll-'^f^/ILij{L''{R+;L'-(R")))n'n(i°°(R+;i2{R"))) ^ ^II/II/1](L<?'(]R+;L'J'{R")))- (3-2) 

Proposition 3.2 Let 2 ^ r ^ oo, 2/v{r) = n(l/2 — l/r), q> v > v{r) V 2, we have 

|PfcG'jytto||LJ'(]R+;ir(Kn)) < ||nfcno||i2(IRn), (3.3) 

IPfc=e<^/llLr{R+;Lj{K"))ni?°(IR+;L|(R")) < • (3.4) 

Proof. Proposition 13.11 implies (|3.3|) and (|3.4|) directly. □ 
Define the semigroup of Schrodinger equation 

S{t) = ^-ie""^i=i«^V. (3.5) 
Proposition 3.3 □fcGj^(t) : ^ L^ is uniformly bounded. More precisely, 

|PfcG,(t)^xo|Up(Kn) < (1 + \t\''/^)\\akUo\\LP(Ru) (3.6) 
uniformly holds for all k £ Z", v ^ 0, p ^ 1. 

Proof. It is well known that e"'^'^ is a multiplier on L^, i.e., e"'^'^ G Mp {Mp denotes 
Hormander's multiplier space, see [Ij). Since Mp is isometrically invariant under affine 
transformations of M", we have ||e~l^l^ Ha/^ = ||e~'^*'^'^ 1 ^ P ^ oo. We have 

IPfeG,(t)/||p < \\akS{t)f\\p ^ Yl 

^ E ll^''K+£ei*l«l')||i|pfc/||p. (3.7) 

So, it suffices to show that ||=^^^(o"fce'*l^l^)||i is uniformly bounded. 
||=^-'(cTfce"l«l')||i = ||^-i(aoe"l«l')||i 
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\a\=L 

<(l + |tr/2). (3.8) 

So we have the result, as desired. □ 
|37j shows that S{t) has the fohowing maximal function estimate: 

Lemma 3.4 ([37j) Let 4/n < p ^ oo, p ^ 2, S{t) is defined as (jS.Sp . then we have 

IPfc5'(t)no||iP,icx, roomxRn) ^ C{k^)''/P\\nkUo\\L2(^ny (3.9) 

Lemma 3.5 Define maximal operator M as following: 

(M/)(x) = sup c„r-" / |/(x - y)\dy. 

Lei (f) satisfies (p dx = 1, then for any f , f ^ Lp, 1 < p ^ oo, we have 



sup\f*Mx)\^Mf{x) (t>dx (3.10) 

WMfh^^CWfU,. (3.11) 

Where (j)t{x) = t~^(f){x/t). 

The proof can be found in [M], Page 51, Page 3. 

Proposition 3.6 Let 4/n < p ^ oo, p ^ 2, we have 

\\akGu{t)uo\\LP^L^^^^^^^L'^^R+y,Rn) ^ C(A;i)^/P||nfcno||L2(iRn). (3.12) 

Proof. Take i = 1 for example. When t = 0, ()3.12p holds obviously. For t > 0, 

DkG,{t)uo = ^-\e-'''\^\") * ^-\e-''\^\"n^o) 

= [^-i(e-l5lV2)]^ , ^-^(e-^l^l^ta). (3.13) 

Notice that ^-^(e-l^l'/^) = g-l^l'/^, /j^„ e-l^l'/^rfx = c, then from (|3TH . ([37[3]) we have 

<ii[^-^(e-|^|^/^)]^*^-^e-'i«i^n;;ro)ii,,,.^ 

^||M[^-^(e-"l^l^ta)]||..^.^^,^.^^,(xM^)Lr,(o,^,- (3.14) 

Define Mx-^,Mx were the maximal operators for variable xi and the other varibles: 

{Mx^f){xi,x) = swpcir'^ I \f{xi- yi,x)\dyi, 

r>0 J\yi\<r 
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{Mri:f){xi,x) = supcn-ir / \fixi,X2-y2,---,Xn-yn)\dy. 

r>0 'J\y\<r 

Prom the definition of maximal operators and Lemma 13.51 we have 

\\Mf{xi,x)\\LP ^ ||M,J|Ms/(xi,x)||i^|| p ^ \\M^,\\f{xi,x)\\L^\\ , 

^ II/IIlS^l-, (3.15) 

where 2. From Lemma 13.41 and ()3.15p we obtain 

^c{h)'/p\\akuo\\mRn), 

which imphes the result, as desired. □ 
Proposition 3.7 For n = 1,2, we have 

|PfcG,(t)no||L2ioo ^ C(A:)i/2ln4(r)||nfcno||Li(M), n = 1; 

lpA:G'i,(t)Mo||L2^L^^^.__,^jL5?(R") < (^i ) || nfeMO || Ll (M") , U = 2. 

Proof. We take i = 1 for example. 



1 1 afcCi, (t)-Uo 1 1 ^ LOO ^^^^^ ^oo (]R„) 

^||^^-ie-*l«l^e-H*ll«lV,(e)||L.^L^.o^^.^^,,5,(M.)|P.no||,^ (3.16) 

Where o"fc(C) = X]|i-A:|<c(n) ^KO- For brevity, we still write ak as ak- Now we estimate 
ll^r^'^e"**!^! e~''l*ll^l o"jfc(^)|U2 First, consider the basic — U' estimates 

for the semigroup of DGL equation Gu{t) = ^~^e~'*l^l • e"''*'^' We have 

WGAtML^ < \\S{tML^ < Ct-^/^^h^, (3.17) 

and so, 

\\^te-''\^\'e-^'\^\\kAC^)vm\LT(R-) ^ C{1 + \t\r^'/\ (3.18) 
On the other hand, using oscillatory integral techniques, we have 

^-i,-i*??e-*«?%,(6)= / e^'^^^^'-i^e-'^'^^,A^^)dCl 

JR 
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where 0(^i) = + tP{^i) = e'^'^^^kA^i). When |xi| > 4(A;i)|t| V 1, we obtain 
|(/)(^)'| > 1/2. Meanwhile, it is easy to see 

/ 1^(6)1^6 ^ c, / IV' (6)1^^6 ^c, [ ^ c. 

Jr Jr Jr 

C is independent of iy,t and ki. So integrating by part, we obtain 

|^^;ie-*5?e-^*«i^fc,(ei)| <(l + |xi|)-2. 

from dHU, (13121), we have 
|^-ie-it|CP 



%i (?l)^fc(OllL2^L9°L5?(R") 



(1 + \x\)-'^dxi 



1/2 



+ 



{kiri{h) + \x,\)-^dx, 



^J\xi\^4{ki)T 



1/2 



The result follows. 

Using similar method as in Proposition 13.81 we have 



(3.19) 



(3.20) 

□ 



Remark 3.8 For n E N, we have 



\nkG^{t)uo\\Ll,L' 



^.^ , . ,.,L2?(IR") 



' {ki){4T)'/^\\nkUo\\mRr.), n = l; 
^Cl (/ci) ln(4r)||nfcno||Li(Kn), n = 2; 



n > 3. 



Next, we consider the estimates between time-space norm and space-time norm for 
integral operators £/. Since the semigroup of Ginzburg-Landau equation does not have 
conjugate symmetry property as Schrodinger equation, we can not apply TT* argument 
to obtain some good estimates as those of the Schrodinger equation, see [57] . 



Proposition 3.9 Let 2 ^ q < oo, q > ^/n, A = 0, 1, we have 

\\^k^vd^J\\Ll^L^^^._^.^Lf(R+y.R^) ^ (^i)'^^"^^^ lpA:/||z,i(R+;Z,2(iRn)) , 
where in ()3.2ip . condition \ki\ > 4 is required. 



(3.21) 
(3.22) 



Proof. From (f3l^ . (^Mi), Lemma O and Minkowski's inequality we have ([STH]) . ([3:22]) 
hold, as desired. □ 
Similar to Proposition 13. 9t from Propositioi j3.8t we have 
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Proposition 3.10 For n = 1,2, T ^ 1, we have 

\\Dk'S^,ydxJ\\Ll^L^^^.^^^L^{R") < {hf^'^\\Okf\\L^^Ll{R")- (3-23) 

Remark 3.11 For n G N, we have 



(A;i)2ln(4r)||nfc/||^^ii(K.), n=^; 



From Propostions 13. 9t 12.61 and we can obtain the following derivative interaction 
estimates: 

Lemma 3.12 Let i = 2, . . . ,n, we have 

\\^k^udxJ\\Ls:o_Ll„ ^„l2(m+xIR") ^ C'llS^^.-^^^^Dfe/llii r2 l2(ir+xM")i (3.24) 



|pA:-2<.5x.,/||ioo2.22,...,^„i?(IR+XlR") ^ C'||9:i.^i:>~^/^nfc/||il(]R+.2,2(lRn)), (3.25) 

|Pfc^i.5x.J||L2^L^^_^^L^(M+xMn) ^ C'(fci)(fci)^/2|p^j||^^^^^_^^^^(ig.„)). (3.26) 

Since the smooth-effect estimates for Ginzburg-Landau equation (|2.30p is almost the same 
with the Schrodinger equation (see [SZ])- Follow the same method as [37j, we have 

Lemma 3.13 Let tp : [0, oo) — )• [0, 1] be a smooth bump function satisfying ij){x) = 1 as 
\x\ ^ 1 andi^{x) = if\x\ ^ 2. Denote V'i(0 = ^^(6/26), Mi) = 1-^^(6/26), i G M"- 
Then we have for a ^ 0, 

(^l)''ll=^ai2^1=^xi,X2nfe5x2=</llL-L2^,...,,„L2(M+xM") 

fcGZ",|A;i|>4 

< (^i)"IPfc/llLiiLS„.....„L?(M+xiR"), (3.27) 

fceZ",|fci|>4 



and /or a ^ 1, 



12. ■■•.^n t 
fceZ",|fci|>4 

^ X] (^2>"|Pfe/||Li^L2^_^^i2(K^xK")- (3-28) 
fceZ'MA;2|>4 

4 Global well-posedness results for n ^ 3 

In this section, we will give the details of the proof of Theorem 1 1.1[ Define 

n n 

4=1 fceZ",|fci|>4 ' ^ 1=1 
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i=i fceZ" ^ 

p-iiu) = (fc)'"^/^||nfcU||ic»i2nL3i6(K+xR") 

Define resolution space as following: 

3 n 

Xs := {u G ^'(M+ X M") : ||n|U. := E E E/"(^i^) ^ (^.l) 

i=l A=0,1 i=l 

Proof of Theorem ll.lt Using Lemma lA. 11 we have for any s > 3, there exist 6,9' > 
such that 

\\uo\\mI,^C\\uo\\]^1\\uo\\%. (4.2) 

With the conditions that uq G M21, ||tio||L2 small enough, we can obtain uq G and 
II^o||m|j sufficiently small. 

We only prove the result for the case s = 3, we write X3 = X for short. Considering 
the following mapping: 

^ : u{t) Gy{t)uQ - ■ V(|upn) + (A^ • Vu)\u\^ + a\u\'^^u], 

from ([2:26]1 . ([3J2]l . ([O]) and Lemma E^] we have 

n 

Pi(a4,G,(t)txo) < E E (fci)'(%)^lltollL2(M") ^ II^oIIm3,, 

1=1 fceZ",|fci|>4 



< 



f3/2, 

j=l 



So, we obtain that 

l|G.(t)no|U < holUl,- (4.3) 
For the estimate of the nonlinear terms, noticing that 

n 

Xt • Vd^zpn) + (a5 • Vn)|n|2 = E[Al(5a,ti)n2 + {2X\ + Xi){d,^u)uu], 



i=l 

,2mi.. „„j II ^ r„,L,|25. 



and ||n||x = ll'uHx, we only need to estimate \\£/iy{X\{dxiU)u )\\x and ||i2/j/(a|n| ti)||x- 
Lemma 4.1 ([IQ], Lemma 7.2) Let s ^ 0,p ^ 1, Pi,^,^i ^ 00 satisfy 



1 _ 1 1 1 _ 1 1 

P Pi "' PAf' 7 71 '" 7Af' 
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then we have 

N 

{kyWakiui . . . UN)\\q L^Mi+r.) ^Yl{Yl (^)'IPfc^illL7'L?(Ki+"))- 



(4.4) 



fceZ" i=i fceZ" 

From (|3.21|) . Lemma l4.ll and Holder's inequality we have 



1=1 fceZ" 



< 



n 



(4.5) 



Noticing that \\\I\ku\\ k+i.2{k+i) 
cess as (14.51). we have 



< 



IPfc^i||L-L2nL3i6(R+xKn), follow the same pro- 



25+1 



From ()4.5p . ()4.6p . we obtain 



u)u^ + alul^^ii)] < lliilll^ + \\u 



|25+1 



(4.6) 



(4.7) 



Next, denote 



:= {(fcd), . . . , A;(^+i)) e (Z")('^+i) : |A;i| V • • • V \kf+^\ > 4}, 
Sg := {(A;(i), . . . , A;(^+i)) G (Z-)(^+i) : V • • • V |A;f+^)| ^ 4}. 

Using the frequency-uniform decomposition, we have 

= ^ □^(i)'Ui . . . + ^ ^kWUi ■ ■ ■ □fc{<!+i)n£+i. 



(4.8) 



r=l 



Where we divide (Z"')(^+^) into two parts S^*| and by considering variable Xj. §^*| 
denotes the high frequency part, so we will apply smooth effect estimates; while 2 
denotes the low frequency part, we will apply Strichartz-type estimates. 
Now we estimate pi{d^j{£/i^X\{dx^u)u'^). It suffices to show that 

pi(5,V-(M(5..^)^')) < \Mx, j = 1,2. 
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The other cases are almost the same. For the estimates of p\{d^.{j^i,X\{dxiU)u'^)) are 
similar to the proof in [37J, we leave the details of the proof into Appendix A. 
collecting (|A.ip - (|A.6p . from symmetry, we can obtain that 

n 

^piaV.(Aia,n)n2)) ^ llnlli. (4.9) 

A=0,1 j=l 

The estimate of pi{d^_.£/^{a\u\'^^ u)) is similar to pi{d^_.£/i,{{dxiU)u'^)), but in ()A.2p . we 
will apply 

||n^(l)M . . . □fc(2<T+l)U||^1^^2^^ ^^^2.2(K+xIR") 

2a+l 

^ IPfc(i)n||iooi2^ ,^L2{R+xR") n W^kM^^hl^L^^^^^L^nLf-LKR+xR")- (4.10) 

i=2 

In (|A.3p . we will apply 

IP'^^IIlPL^P(R+xR") ~ IPfc^llLt°°L2nL3L6(R+xMn), P ^ 3. (4.11) 

Finally, we consider the estimate of ps{dx.£^u{Xi{dxiU)u'^)). From Lemma [2. 2 1 and ()3.4p 
(where we let i/ = 3, r = 6, (7 = 2(T + 2, cr ^ 1). we can obtain 

\\Dkdx^K{X\{dx,u)u^)\\L^L2nLlLU^+xR") ^ IPfc(5^,(Al(a^,n)u2))|| 2^+2 

<{k,)^\\a,iidx,uy)\\^2^_ _ . (4.12) 

Let cr = 1 in ()4.12p . applying Young's inequality we have: 



ps{d^^K{X\{dx,u)u^)) 

< Y {{kf^ + {kjf/') E IPfc(nfca)(5.,^)nfe(2)«n,(3)^z)||^v3 

n 

^ E E ^^i)'^' E IPfc(°fc(i)(^-.^)°fc(2)^afe(3)^)lli4/^3(^+^j,„) 

Then applying the decomposition (|4.8p (where we consider the variable xj), and obtain 

E {kjf^' E IPfc(°fc(i)(5x.^)nfc(2)«nfc(3)^^)ll^4/3(j,+^^„) 

fceZ" A;(i),fe(2),fc(3) ^''^ 

^ E (^j)'^'Ell°'«(°A:a)(5x.^)nfe(2)«nfc(3)n)||^4/^3(j,+^^„) 

A:eZ",|A:j|>4 §0) 
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fcez",|fc,|>4 §U) 



= y + yi + VII. (4.13) 

For the term VI, VII, from definition of S2"'2 > '^^'^ see (/cj) ^ C. Follow the same 
process of ()A.3p . we have 

VI + VII 

fc(i),fc(2),fc(3)eZ'' 

~ E IPfc{l)^a:i'u||L4L4(lR+xMn)||n;,{2)U||^4^4(lR+xMn)|Pfc{3)n||i4^4(^^ 

A:(i),fc{2),fc(3)GZ" 

LfLiiR+xR")) 

<P3(5.,n)p3W'. (4.14) 
At the last step of ()4.14p . we apply 

IPfc«llLfLg{R+xM") ^ IPfe^^llLf L2nL3L|(R+xR")' P ^ 4. (4.15) 

Now, we consider the estimate of V, from Holder's inequality and ()4.1ip . we can obtain 

IPfc(l)(^^'.^)nfe{2)Un;-(3)U||^4/3^^+^^„^ 

^ IPfe{l)(5a;,n)|nfc{2)Unfc(3)U|^/2||i2 jK+xK")IIPfc(2)«n;.(3)U|^/2||i4 jK^ 
^ IPfc{l)('9x,n)||^go^2^^^^^^^2(ig,+ xMn)|Pfc{2)U||/2^^^^ 

X |Pfc{2)n|| 

L2 nif L6 (M+ X R" ) I Pfe(3) 1 1 L2 j^B (K+ X R") • (4.16) 

In this way the estimate of V reduces to the estimate of / as in (|X2]1 . Since \kj - kf - 
kj^^ — /cj'^^l ^ C, without loss of generality, we can assume \kj^^\ = maxj.=i_2,3 \ kj\, from 
(|4.16p and Holder's inequality we have 



E (lPfc(2)^lliEj.iS^(r^j)-f'r(K+xR") + IPfc{2)^llLJ»L2p|i3i6(IR+xRn)) 



fc(2)GZ" 

^ E (lPfc(3)^llL2 Loo^^^^^^c«(]K+xRn) + ||n;,(3)n||ic«i2ni3i^ 

A;(3)eZ" 
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p{{d^MP2{u)+Pz{u)Y. (4.17) 

The estimate for p3{d^.£^{a\u\^^u)) is similar to p^{d^.£/{{dxiU)v?)), the difference is that 
in ()4.16p . we will use 



||n^{l)M . . . ^^(a + \)V!Oi^(a + 2)U . . . \Z\-f^{2tT + l)U\\ 2ct 

(7+1 



^2 



m=2 

2cr+l 
m=(T+2 



In addition to ()4.15p and ()4.10p . we can obtain the estimate of p^{d^^£^{a\u\^^u)). Until 
now, we have obtain 

pM^s^Mu?'u) + p,Xdl.s^,md^,u)u^m < \\nf^+' + \\u\fx. (4.18) 
Collecting gZD, (031), 

K.«IU< lltxollA/3 +n(||n||3, + 11^,11^^+1). (4.19) 



2,1 



Using standard contraction mapping argument, we can obtain that Eq. (jl.ip has a unique 
solution u £ X with ||n||x ^ C'||tio||jv-/|^- 

Finally, for the general case s > 3, using similar way as in the above, we have 



Mxs < WuoWmi, + ll-ulkJhllxs + IklUJInllfg. (4.20) 

Since in the right hand side of (|4.20p . Using the fact that ||u||x3 is sufficiently small, we 
can get that 

\Mx.<ho\\Ms,. (4.21) 



Finally, we show that u £ Lf {R+ ; Ml^iW")) . From Proposition and Proposition K9 
we have 

{ky\\nkK[^i ■ Vdupu) + (aJ . Vn)|n|2]||^c«i2(K+xRn) 

n 



i=l fceZ",|A;j|>4 g{l) 



2,1 



Il1L2{R+xR") 



j=ifce2;",|fc,|>4 g(i) 
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+ Yl ^^i^ Yl IPfc(°fc(i)^^.^°fe{2)^°fc{3)^)llLiL2{R+xR")- (4-22) 

j=lA;eZ",|fcj|=£4 fc(i),fe{2),A;(3) 

From (|4.22p and the estimate of pi and part IIV in p3 above, we obtain 

Y (^)'IPfc"llLrii(K+xK") < ll^^olUfi^ + ll^llx, + (4.23) 
fceZ" 

which impHes that u e (M+; M| i(]R")). 

5 Limit behavior as — 

In this section, we wih prove Theorem 11.21 Letting initial data uq belong to and 
||iio||L2 small enough, we prove that the solution of derivative Ginzburg-Landau equation 
will converge to that of derivative Schrodinger equation (|1.2|) as — t- 0. 
Let S{t) = ^-ie-'*l«l'^ denote the semi-group of derivative Schrodinger equation 
and ^f{t,x) = Jq S{t — T)f{T,x)dT. Rewrite DCGL equation (jl.ip as 

u = S{t)uo + if [aI • V(|n|\) + (A^ • Vu)|up + a\u\'^^u] + vSe{Au). (5.1) 

Then define: 



i=l fceZ",|fe,|>4 



1=1 keZ" ^ 

Pxi"^) = Y IPfc'"llLt°°^ini?i|([o,T]xR")- 



II^II^T := E + Pt(54.«) + pUd^^u)) (5.2) 

A=0,1 i=l 

n 

Ai • Vd^xpn) + (A2 • Vn)|n|2 = ^[AUS,,^^)^^ + (2Ai + Xi){d,^u)uu]. 

1=1 

Denote v is the solution of derivative nonlinear Schrodinger equation ()1.2p with the same 
initial data. Combining the method in [15], we only need to estimate the following 

11^*1^ - v\\yt 

n n 
i=l i=l 

+ ||Jf («+i - t;%"+^)||y^ + u\\^Au,\\Yr- (5.3) 
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Similar to the method in |15j . take the first and third term in ()5.3p for example. The 
second term can be treated in similar way. 

{dx^Uu)ul - {dx^v)v^ = dx^{uu - v)ul + dx^v{uy - v){uy + v), (5.4) 



cr-l 



= ul{u, - v)Y,uly""' + - v)Y,ulv''-^-'' . (5.5) 

g=0 g=0 



Using the decomposition in ()4.8p and combine the proof in Section 4, we only need to 
substitute dxfi with dx^iuy — v) in the proof of \\^ {X\{dxfi)v?')\\x , then we have 

\\^X\{dx,{uy - v)uI)\\yt. ^ C\\u^ - v\\yt\\uu\\\- 
Then substitute v? with {u^ — v){uy + v), we have 

\\^\\{dx^v{uy - v){uy + v))\\yt ^ C\\uy - v\\yt.\\v\\x{\\v\\x + \\uv\\x)- 
Repeat the argument in (|4.2|) . we have are sufficiently small. Then we have 

\\^)^^{{dx,u,)ul - {dx,vy)\\Y^ < ^\\u, - v\\y^ (5.6) 

Similarly, in the estimate of ||au''^^u'^||y , we will substitute u^'^^u^ with u^y{uy — v)u1v^~'^ 
and v^'^^{uy — v)u1v^^^^'^ , we have 

||^(nM+i - v'v'+')\\Yr ^ C\K - vWyt [\Wu\fjt'\Hx' + Mx\\v\\x~'] 



<1| 
~ 10 ' 



Uu - U\\Yt- 



Moving the first three term in the right of ()5.3p to the left, then from the definition of Yt 
we obtain 

\\uu — v\\yt ^ Cu\\^Au\\yt 



A=0,li=l i=l fceZ",|fci|>4 



A=0,1 j=l i=l fceZ" ^ 
n 

+ E E E ll^4^fe(-^^'")llLr^inL3L6([o,T]xM") 

A=o,i i=i fceZ" 

:=^i + ^2 + ^3. (5.7) 
Similar to [15], applying Minkowski's inequality and p.3p . ()3.12p and (|2.26p . we can obtain 

n n 

^1^^^ E EE E(^^)'^'w'iPfca>)iiL??Li(r), (5.8) 

A=o,i i=i 1=1 fceZ" 
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^2 < ^^Tn ^ ^ ^ {kf{k)'/^\\akid^M)h^LUR-)' (5.9) 
A=o,i j=i fceZ" 

n 

^3 < ^ ^ ^ {kf\\nk{d^^u)h^L2^^ny (5.10) 

A=o,i j=i fceZ" 

From the argument in ()4.20p . and initial data belong to x, we have 

E E E w=^/'(fc)ipfea^^,n)iiic»i.(KXMn) ^ a 

A=o,i j=i fceZ" 
Collection ()5.7p - ()5.10p . we finally obtain 
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\\u,-v\\Yr<l^T E E W'/'WIPfc(5i^)llLrLi(M-K"). (5.11) 

A=0,1 j=l fcGZ" 

In this way, we obtain the results of limit behavior 

\\uu — v\\yt —^0, — 0. 

6 Local well-posedness results for n = 1,2 

When n = 1, 2, T ^ 1, define 
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u 



1=1 fcGZ",|fci|>4 i=l 

71 

pi'M = E E IPfc^llii,i^.),^,i??(K") 

Define resolution space as following: 

3 n 

Xf := {u G y'{[0,T] X M") : \\n\\^r := E E E/^^^i^) ^ '^0} (6.1) 

1=1 A=0,1 j=l 

We write Xj^^ -^'^ short. 

Similar to the proof of global well-posedness results, we only need to consider the case 
uq G Mf^^, s = 5/2 is small enough and we have: 

n 

pi{dlpu{t)uo) ^Y.Y1 {k^f'\PkUo\\L,iRr^) < l|no||^,3/2 



1=1 kez- 
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Pi{(^XjGv{t)uQ) , {d^.Gu{t)uQ) are similar to section 4. So we have 

\\Gu{t)u4^T <\\u4^,/. 
Notice for any p ^ 1, g ^ 2, we have 

Prom (|3.23p . Lemma l4.ll and Holder's inequality we have 

n 



(6.2) 



(6.3) 



1=1 fceZ" 



< 



n 



(^(fc)3/2||n,^||^3i3(r))' 



(6.4) 



Prom Proposition 12.61 and Proposition [22] and the estimate in (|4.14|) . ()A.ip - ()A.3p . we have 



pUd',^{^{\\{d^.^uW))) 

+ n ^ {k,f/^ Yl IPfc(nfc{i)9.,^2nfc(2)un,(3)^/) 

< pIid..u)pUnf + rpj(a,,n)p^(n)2. (6.5) 

pf {d^.{£/{X\{dxiU)u'^))) is similar to section 4, we omit the detail. The estimate for 
(a|up'^u)||xT is similar, we do not repeat here. 
Prom the above, we obtain for any T ^ 1, 



\u\\xT ^ (1 + T)||no||^,5/2 + (1 + r)(||n||;^^ + Wuf^t'). 



(6.6) 



Using the small initial data which is independent of T, we have u S Xt and small 
enough. Similar to ()4.20p . we obtain that 



\u 



\xT ^ IKolU/f, + (1 + T)||n||;,T(||n||^^ + ||n||^^^), s > 5/2 



Now, we show that u G L^{M^ -^^^'^{W^)). Similar to the estimate of ps in Section 4, 
we also have 

Y {kr-'/'\m\i • V(|u|\) + (A^ • Vn)|n|2]||^^^,(^„) 
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j=l k&",\kj\>4 g(j) 
n 

+E E (%)'"'^'Eii°'^-(°fc«^->^°fc(^)^°fc(^'^)iii'^ii(K") 

j=ifceZMfc,|;^4 §0) 

n 

+ E E (^i)'"^^^ E IPfc{i)^^.^°fc(2)'"Ofc(3)'"llLi.Li(R")- 

i=i fcez",|fcj|s£4 fc{i),fc(2),fc{3) 
^ pIid..u)ipUu) + + p^(a,^t.)/,l^(n)2, (6.7) 

where we use 

IPfc(i) (5x,?i)nfc(2)nn;,(3)n||ii^^i(Kn) 

^ IPfc(l)(^X,u)|n;i(2)nnfc(3)n|^/2||i2i2(ffin)|||nfc(2)nnfc(3)n|^/2||^^^^^^^^ 
<r'/'lPfc(l)(5x,t^)|lLgoL2^^^^^.^L2(Mn)||nfc(2)n||^(^^^ 

and 

IPfe^^llii^L- < IPfc^lliiii?=2,.....„i??(K-)- (6-8) 

Prom Proposition 13.31 and Minkowski's inequality, we have 

^ E (^)'"^^^IPfcG'^W^0||L-Lj(R+xffi") 

+ E (^)'"'/'lPfc=^[At • V(|n|\) + (A^ • VuM"" + a|n|2^]||iooii(j,„) 

^ ||no||^,.-i/2 + W^-'/'|pA.[At • V{\u\\) + (aJ • V7x)|7x|2 + a|7x|2^n]|L^^i(r) 

<||no||^^.-i/2 + ||n|||^ + ||n||^^;i. (6.9) 

We obtain the local well-posedness results. The limit behavior results are almost the same 
as in Section 5. 

7 Local well-posedness for the quadratic DNLS 

In this section, we will prove local well-posedness results for equation 

ut = {u + i)Au + X-\/(u^), u{0,x) = uo{x), (7.1) 
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and equation 

vt = iAv + X-V{v^), v{0,x) = vo{x). (7.2) 
When n e N, T ^ 1, define 



n 



i=l k&",\ki\>i i=l 



i=i fceZ" ^ 



Define resolution space as following: 

3 n 

Xf := {u G y'{[0,T] X M") : := EE/'H^^) ^ '^^o}- (7.3) 

1=1 j=i 

We write as X-^ for short. 

We solve equation ()7.ip first. Similar to the proof of global well-posedness results, we 
only need to consider the case uq G Mf^^, s = 3 is small enough. Similar to section 4, We 
have 

l|G.(t)no||^T <||no||M3,. (7.4) 
Prom p.23p . Lemma l4.ll and Holder's inequality we have 

n 

1=1 fceZ" 

< n[ J] (fc)^IPfe^i|lL2,L2(R") 

< nTpJiu)^ (7.5) 

Similar to ()AJ]) . 

^ E (^i)'^'Eii°fc(°fc(^)^°fc(^)^)iii'iiii„...,.„i'^(K") 
+ E (^i)'^'Eii°'i(°fcw^°fc(^)^)iii^i'i{K") 

A;eZ'Mfei|^4 g(i) 

■.= 1 + 11. (7.6) 
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Notice ([631) and 



IPfc^llL2^L-,...,,„L5?(M") ^ IPfe^llLi,L-....,,„i??(M")- (7-7) 

Similar to (|X2]) . (|X3]) . we have 

/ ^ pTWpI^H, // ^ pl^(n)2. (7.8) 

So, pj {^{dxjU^)) ^ p^{u)p^{u) + p^{uf'. We estimate {£/ {dx^u'^)) via a similar way 
as in (|6.5|) : 

feeZ",|fej|>4 fe{i),fc(2),fc(3) 

+ n ^ (A:,y/2 ^ ||n,,(n^(i)nn,(2)n)||^4/3^4/3(^„) 

<prNp^(«) + r/,l^(tx)2. (7.9) 

So we obtain 

hWxJ < ||^Xo||M3^ + (l + ^)lk§T, 
||u||j^T is sufficiently small, and also 

\\u\\xT ^ II^oIIm-, + (l + r)||n||^T||u||^T. 

In this way, we can also obtain local well-posedness results for the solution v of Schrodinger 
equation (j7.2p . The inviscid limit for (|7.ip is almost the same as section 5. We can obtain 

hiy-v\\xT ^0, u^O. (7.10) 

We omit the detail here. 

Via a similar way as in (|6.7p and (|6.9p . we show that u € L'^{M^ ^^^'^{W^)), s > 3. 
where we use 

IPfc(nA;(i)unfc(2)u)||Li,Li{R") 

^ IPfc(l)U|nfc(2)'u|^/2||i2^i2(Kn)|||nfc{2)'u|^/2||i2^i2(Kn) 

Then as the estimate of (16.71) and (16.91) in Section 6, we have 



l^lk < holUr-/2 + \\n\\-^ \\n&n\\](\ (7.11) 

1,1 -^s X,j 
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where 

(7.12) 

Using ||ti||j^T is sufficiently small, we obtain u & K and so u G 
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A Appendix 



A.l A nonlinear estimate 

In this section, we will show the detail proof of (j4.9p . We follow the idea in our earlier 
work [37!. From (|230|) . (K22\\ . Lemma O and (gSD, (where we put £ = 2), obtained: 



fceZ",|fci|>4 §(1) 



2,1 



fcez",|fci|>4 §(1) 
■.= 1 + 11 (A.l) 

In view of the support property of D/cii, we can see 

□fc(nfc(i)(9,,npfc(2)nnfc(3)n) = 0, i/ ^C7. 

For I, since j/c — fc^^^ — A;^^^ — k^^'>\ ^ C, it is easy to see ^ Cmaxr=i,2,3 |^il, we can 
assume = maxr=i.2,3 From Holder's inequality 

fceZ'Mfci|>4 g(i) 



■^2,1 



fc(i)6Z",|fcJ^'|>4 



X] IPfe(2)«llL2^L-,...,,„L-(R+xM")) 



2 



X 

<Pi(5.,n)p2(n)=^. (A.2) 

For /I, from the definition of and |fc — fe^^^ — A;*^^) — ^ C, we have ^ C. 
If we fix A;*^^\ A;*^^\ /c*^'^-', then A: in the sum is finite. So from Holder inequality we have: 



II ^Y IPfc(l)^^'.^n;.(2)Unfc(3)U||il(K+.i2(Rn)) 



§(1) 



< 



P3(5:.,^x)p3(n)^ (A.3) 



Now we estimate p\{d^^£^ {\\{dxiU)u )) , A = 1 (when A = then it is the same to the 
case j = 1). Let Pi := <^^^^^^'(pi<^xi,x2: where 'i/'i(^ = 1)2) be as in Lemma 13.131 From 
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Lemma 13.131 we have 



p}(a,.,=e/(Al(5,,n)n2) 



A;eZ",|fci|>4 
keZ",\ki\>4: 

■.= 111 + IV. (A.4) 



For I/I, applying decomposition ()4.8p (where we consider variable xi, namely, divide 
into and in (gSD), then from ([2211), and (IHT^ . we have 

fc6Z",|fci|>4 g(i) 

A:eZ",|fci|>4,|fc2|<|A:i| g(i) 

/ceZ",|fci|>4 gU) 

+ X] (^l)^(^2>X] ll°fc(°fe(i)^^.'"°fc(2)'"nfc(3)n)||^i(B. + .i2(K„)) 

A:eZ",|fci|>4,|fc2|<|A:i| gW 

< pl(5,,n)p2(n)2 + p3(9..n)p3(u)^ (A.5) 

At the last step of (|A.5p . notice the definition of §2^3) it is easy to see \k2\ < ^ C, then 
it comes back to (jA.2p , (jA.3p , so repeat the proof of (jA.2p , (jA.3p , we can obtain (|A.5p , as 
desired. 

For the estimates of IV , applying the decomposition (j4.8p (where we consider variable 

/o") ('2\ 

X2 , namely, divide into §2 1 and §2 2 i^ (|4.8p ) , in addition to p.28p and p.25p , we have 

ly ^ Y {kif''^\\P2dx2^k^ J^(nfc(i)5x,^xnfc(2)unfc(3)u)||ig=i2^_ ,^^i2(jj+^jj„) 

fceZ",|fci|>4 g(2) 

+ Y {kif'^\\P2da,^Uk£^ Xl(°fc(^'^^»^°fe(2)^°fe(^)^)llig°i-^i2..-.-n-f^?(I^+xI^") 

fceZ",|fci|>4,|A:i|<|fc2| §(2) 

< Y ^^2)^/^ Y IPfc(°fc(i)^^.^°fc(2)"°fc{3)")llLi^L2^,...,,„L2(iK+xK") 

fceZ'Mfc2|>4 g(2) 
fceZ",|fci|>4,|fci|<|fc2| g(2) 



< 



pi{d^^u)p2{uY + p^{d^^u)p-i{uY. (A.6) 
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At the last step of ()A.6p . notice the definition of 2, it is easy to see \ki\ < \k2\ ^ C. This 
way, it comes back to ^Ai2i), ^EM, fohow the same process there, we can obtain ()A.6p . as 
desired. 



A. 2 Appendix 

Lemma A.l For any s £ M and any > s, there exist 9 > such that 



where 
Proof: 



s+2e 

1-29 ■ 



Mi, = E \W\\h^ 



< c 



1-20 1 
L2 



29 



1-6 



L2 



where 6 = 



1-261 V* ^ t ^ l_g 



Lemma A. 2 For any s G R and any s+ > s, there exist 9 > such that 



'Mil 



where 
Proof: 



s+29 



M; 



^ll/llii {k)^'^^'^\\U,f\\\ 



1 



-20 



(A.7) 



□ 



(A.8) 
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a + 16 

{k)^\\U^f\\ 



LI 



M\ 



1,1 



Li' 



where s+ = 
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